In this paper we explicitly evaluate the one-loop effective action in four dimensions for scalar and spinor fields under the influence of a strong, covariantly constant, magnetic field in curved spacetime. In the framework of zeta function regularization, we find the oneloop effective action to all orders in the magnetic field up to linear terms in the Riemannian curvature. As a particular case, we also obtain the one-loop effective action for massless scalar and spinor fields. In this setting, we found that the vacuum energy of charged spinors with small mass becomes very large due entirely by the gravitational correction.
I. INTRODUCTION
It is well known that the effective action plays a major and important role in quantum field theory and quantum gravity [14, 18, 31] . In particular, the knowledge of the effective action enables one to obtain the relevant full one-point propagators and the full vertex functions which, in turn, constitute the building blocks of the S -matrix [14] . Moreover, the effective action, upon variation of the independent fields, gives the effective dynamical equations which describe the back-reaction of the quantum fields on the classical background. One of the most effective mathematical tools to study the propagators and the effective action in quantum field theory is the proper time method or heat kernel method which was developed by Schwinger in [30, 31] and then generalized to include curved spacetime by DeWitt in [15, 17] . Some nice reviews on this subject can be found in [10, 33] .
One of the most important achievements of quantum field theory in the past century was the development of quantum electrodynamics. In particular, Schwinger [31] used the heat kernel method to obtain the effective action for constant electromagnetic fields. Moreover, he showed that, in presence of an electric field, the effective action acquires an imaginary part which was interpreted as probability of production of electron-positron pairs induced by the electric field. This is known as Schwinger mechanism which becomes exponentially small for weak electric fields.
In recent years a generalization of Schwinger results for the effective action and pair production have been obtained for inhomogeneous background electromagnetic fields [19, 20, 21] . Moreover, the effective action for Dirac spinors under the influence of general uniform magnetic fields was computed, in the massive and massless case, in [32] .
Although of extreme interest, the above results were obtained in flat (Minkowski) spacetime.
A great amount of work has been done in order to study the case in which both the electromagnetic and gravitational fields are present. Of course, this is not a trivial task and different approximation schemes have been used in order to obtain relevant information in different regimes [1, 4, 5, 10, 33] . In this paper, we are interested in the situation in which the electromagnetic field is much stronger than the gravitational field. In this case, the electromagnetic field cannot be treated as a perturbation and, therefore, essentially non-perturbative techniques need to be exploited. A powerful and promising non-perturbative algebraic approach, combining gauge fields and gravitational fields, was developed in [6, 7] where homogeneous bundles with parallel curvature over symmetric spaces were considered.
Recently, in [8] , the heat kernel (which in turn leads to the effective action) for a Laplace type operator on parallel homogeneous Abelian bundles for arbitrary Riemmanian manifolds was computed. The first three coefficients of the heat kernel asymptotic expansion in powers of the Riemannian curvature but to all orders of the electromagnetic field were evaluated. The results obtained in [8] were applied to the computation of the contribution to the imaginary part of the effective action for scalar and spinor fields in a strong electromagnetic field obtaining a generalization of the original Schwinger result to curved spacetime [9] . A non-perturbative effective action in the electromagnetic field in arbitrary curved spacetime for scalar and spinor fields was recently obtained in the framework of worldline formalism in [11] .
In this paper we will utilize the non-perturbative results obtained in [8, 9] in order to compute the one-loop effective action for scalar and spinor fields under the influence of a strong magnetic field on an arbitrary curved spacetime up to linear terms in the Riemannian curvature. We will assume, throughout the paper, that the electric field vanishes identically. Under this assumption the effective action is purely real (the heat kernel becomes an entire function) and effects of creation of pairs do not occur. By using the non-perturbative heat kernel asymptotic expansion developed in [9] , we will find, through the Mellin transform, the spectral ζ-function and, hence, the one-loop effective action.
We would like to stress, at this point, that the non-perturbative one-loop effective action is found, here, by using ζ-function regularization method which is a different approach from the worldline formalism considered in [11] . Obviously, the two methods should lead to comparable results.
In the rest of this paper we will use the standard convention of setting = c = 1.
II. EFFECTIVE ACTION AND ζ-FUNCTION
Let us consider a smooth compact n-dimensional Riemannian manifold M without boundary endowed with a positive-definite metric g µν . Let ϕ be smooth sections of a complex spin bundle S, with structure group Spin(n)×U(1), over the manifold M . Let us denote by ∇ the total connection of the bundle S containing the spin connection as well as the Riamannian connection. Obviously, the commutator of the covariant derivatives defines the curvature on S
where F µν represents the curvature of the U(1) connection, describing the magnetic field, and R µν is the curvature of the spin connection which for scalar fields vanishes identically 2) and for spinor fields it has the form
Here, R ab µν represents the Riemann tensor and γ a are the Dirac matrices which satisfy the Clifford algebra
Let L be a Laplace type second order partial differential operator acting on smooth sections of the bundle S. In general we write the operator L as
where ∆ = g µν ∇ µ ∇ ν , ξ is a constant parameter, R is the scalar curvature and Q is a smooth endomorphism of the bundle S. This operator is elliptic self-adjoint and it has a positive definite leading symbol [25] .
For the scalar fields case, there are usually two interesting choices for the parameter ξ. In the minimally coupled case one sets ξ scalar = 0 and in the conformally coupled case one sets ξ scalar = (n − 2)/4(n − 1). Since we do not consider self-interacting scalar fields, we set the endomorphism Q scalar = 0.
For the spinor fields case, (2.5) is obtained by taking the square of the Dirac operator
It is not difficult to show that the operator (2.5) takes the form
It is well known that the Euclidean one-loop effective action is given as functional determinant of the operator of small disturbance as
where M is the mass of the field which is assumed to be large enough to ensure the positivity of the spectrum of the operator L , µ is an additional mass parameter which should be fixed by renormalization and is necessary in order to make the argument of the logarithm dimensionless, and finally σ is the fermion number which is (−1) for spinor fields and (+1) for charged scalar fields [27] (we consider, here, complex fields). The functional determinant (2.7), however, needs to be regularized. We will use in this paper the ζ-function regularization, of course this is not the only way to define the above functional determinant (see e.g. [12] ).
The spectral ζ-function, ζ(s), for a positive operator L can be analytically continued to a meromorphic function in the entire complex plane with only simple poles (residues of which are given by the heat kernel coefficients of L ) and regular at s = 0 [29] . An important relation exists between the spectral ζ-function of L and its trace of the heat kernel diagonal. By recalling the integral representation of the gamma function, it is not difficult to show that the ζ-function is obtained by inverse Mellin transform as follows [18, 22, 29, 33] 
where ζ ′ (0) denotes the derivative of ζ(s) evaluated at s = 0.
In this paper, we will use the representation of the ζ-function (2.8) and the non-perturbative heat kernel asymptotic expansion developed in [8, 9] to evaluate the one-loop effective action for scalar and spinor fields under the influence of a strong magnetic field in curved spacetime.
III. HEAT KERNEL ASYMPTOTIC EXPANSION
In order to present the main results for the asymptotic expansion of the heat kernel diagonal, we will briefly describe the spectral decomposition of the U(1) curvature F µν following [9] .
For the matrix F = (F µ ν ) we have the following decomposition
where B k are real invariants, that we will call magnetic fields, N ≤ [n/2], and E k are antisymmetric matrices which satisfy the relations
Moreover, in the Euclidean setting, we introduce the projectors onto 2-dimensional eigenspaces, Π k , which are symmetric matrices defined as
Obviously, they satisfy the relations
and for k m,
In what follows, we will assume that all the invariants are the same, namely
In the paper [9] , it was shown that the trace of the heat kernel diagonal, up to linear terms in the Riemannian curvature, for a covariantly constant magnetic field, has the following asymptotic expansion for scalar fields
where
with
coth(tB) tB
tB coth(tB) + 7 16
Here, and for the rest of the paper, R denotes the scalar curvature while R µν and R µναβ denote, respectively, the Ricci and Riemann tensors.
For spinor fields, one obtains an asymptotic expansion for the trace of the heat kernel diagonal similar to the one in (3.6). In this case, one can write, up to linear terms in the Riemannian curvature, [9] Tr exp{−tL
and
It is clear, at this point, that in both scalar and spinor cases the spectral ζ-function for the
is given, in the approximation under consideration, by 17) where the local spectral ζ-function is
Since the one-loop effective action can be written in terms of the effective Lagrangian, L, as
one soon realizes that
Because of the relation (3.19) , in the rest of this paper we will be mainly focused on the evaluation of the effective Lagrangian for both scalar and spinor fields.
The next task is, thus, the computation of the integral (3.18) to obtain an explicit expression for ζ loc (s).
IV. INTEGRALS
In this section, we will derive a general formula which will enable us to evaluate the function ζ loc (s) in (3.18) . Let m and q be non-negative integers, then the integrals that we will need to compute have the following general form
which are well defined for ReM 2 > 0 and Re α > (q + 1). It is convenient to rewrite the power of cosh(tB) in terms of functions of multiples of the argument [26] to get
By inspection of the expressions above, it is not difficult to realize that the integrals (4.2) and (4.3) have been reduced to a linear combination of integrals of the following type
which is well defined for Reγ > 0 and either λ ≤ 1, λ 1, Res > 0 or λ = 1 and Res > 1. In (4.5), Φ is the Lerch transcendent, which is a generalization of the Hurwitz ζ-function, defined as
By repeatedly differentiating the equation (4.5) with respect to λ, we obtain an expression for the integral (4.4), more explicitly
By exploiting the result (4.7) and by introducing the dimensionless variable z = M 2 /2B, we write the integrals (4.1) as follows
where the functions f m,q (α, z) have the expressions
Moreover, in the spinor field case, we will also need f 0,0 (α, z) which can be easily proved to have the expression 
Now, by using (3.8) and (3.10)-(3.12) in equation (3.18) we get, for the first order part in curvature of ζ scalar loc (s), the following expression
In order to obtain the one-loop effective action for scalar fields, we need to evaluate the first derivative of ζ 
where ζ(α, z) is the Hurwitz ζ-function, one obtains, in the case n = 4, the following expression For β = 0, one obtains
For β = 1, one obtains
For β = 2, one obtains
In order to arrive at the formulas above we have used the well known result [23, 26] stating that for any integer u ≥ 0
where B u (p) are the Bernoulli polynomials.
Let us evaluate, now, the derivative (5.4) in the case (m, q) = (1, 2). It is not difficult to show, by differentiating the series in (4.6), that
By utilizing the relation (5.11), we have, in the case n = 4, the expression
, and Ω(s, β, z) is an auxiliary function defined as
By inspection of (5.2) and (5.3), one easily realizes that we will need to compute equation (5.12) for the following values of the parameter β:
For β = 1 one gets
For β = 3 one gets
Here, we have used the relation (5.10) to obtain (5.14) and (5.15).
The only case left to consider, for scalar fields, is (m, q) = (0, 3). By noticing that the following relation holds
we have, in the case n = 4, the expression
where where
, and Θ(s, β, z) is defined as
By recalling (5.2) and (5.3) we soon realize that we need to compute (5.17) for only one value of the parameter β, namely:
By using the explicit formulas for G m,q (n, β, µ, z) found in this section, we are finally able to write the (unrenormalized) effective Lagrangian for scalar fields in n = 4. Explicitly, we have 20) where the functions h i are found to have the following expressions
µ as one should expect. The functions h 1 and h 2 , instead, contain µ and they can be used in order to renormalize the coupling constants in the Einstein-Maxwell action. The function h 1 , found above, represents the standard result for the effective Lagrangian for scalar fields obtained in a spacetime with vanishing curvature [20] .
VI. THE EFFECTIVE LAGRANGIAN FOR SPINOR FIELDS
In this section we turn our attention to the spinor field case. With arguments similar to the ones used in the previous section, we will present the function ζ loc (s) and, subsequently, the effective Lagrangian for spinors. We will assume, as before, that only one magnetic field is present, N = 1.
As we have already done in (5.1), we split ζ By recalling the equations (3.14), (3.18) and by using the result (4.10) we obtain
At this point, by substituting (3.10), (3.12), (3.16) in the expression (3.18) and by recalling the results (4.9)-(4.11), we have for ζ spinor loc (1) (s) the formula
In order to evaluate the effective action, we need to compute the derivatives (5.4) in the following four cases: (m, q) = (1, 1), (m, q) = (2, 2), (m, q) = (1, 3) and lastly (m, q) = (0, 0).
(1, 1) in n = 4,
where we have used the relation, valid for any integer p ≥ 1, 5) to obtain the expression (6.4). From (6.2) and (6.3) one can easily see that we will need the expression (6.4) evaluated for the following particular values of β:
For β = 0, one has
For β = 1, one has
For β = 2, one has
To obtain the previous equations we have used the relation (5.10).
We turn, at this point, our attention to the next relevant case, namely (m, q) = (2, 2). It is straightforward to show that, in n = 4,
where we have used the relation (6.5) and the result For β = 1, we have
For β = 3, we have
The next case that we need to consider for spinor fields is (m, q) = (1, 3). In n = 4, one can
show that
Now, we only need to evaluate G 1,3 (4, β, µ, z) for only one value of β. More specifically, by using (5.10) we obtain:
14)
The last derivative that we need to complete the spinor field case is G 0,0 (4, β, µ, z) solely for β = 1. From (4.12) and the definition (5.4), it is straightforward to show that
We finally have all the formulas that we need in order to write the unrenormalized effective
Lagrangian for spinor fields in n = 4. By utilizing the derivatives G m,q (4, β, µ, z) found in this section we obtain
Let us start with the evaluation of the quantity ζ ′ (s, 1/2). It is not difficult to show, by using the multiplication theorem for the Hurwitz ζ-function, that
By differentiating the above equation we obtain the desired formula for the derivative 
By differentiating (7.4) with respect to the variable s and then setting s = 2k + 1, for k ≥ 1, one
In particular we will need the following value
Now, by differentiating (7.4) with respect to s and by setting s = 2k, for k ≥ 1, one has an expression for the derivative of ζ(s) at negative integer points [28] 
where B 2k represent the Bernoulli numbers. In particular, we will use the equation (7.7) for the particular value of k = 1 8) where A is the Glaisher-Kinkelin constant [24] . We would like to point out that in order to obtain the result (7.8) we have used the relation 9) where γ is the Euler-Mascheroni constant, which can be straightforwardly proved by using the definition [24] A = (2π)
(7.10)
where we have used the relations (5.10), (7.6), (7.8) and the fact that [23, 26] ζ ′ (0) = −1/2 log 2π.
For the scalar field case, we will also need to compute the quantity ζ ′ (s, −1/2). One can prove, by utilizing the defining series of the Hurwitz ζ-function, that
It follows from (7.14) that, for vanishing q,
By differentiating (7.15) we get
In particular, to analyze the massless limit, we will employ the following specific values of (7.16)
where we have exploited the results (5.10), (7.6) and (7.8).
Let us, at this point, focus our attention to the spinor case. In order to analyze the massless limit we need to evaluate ζ ′ (s, z) when z → 0 for particular values of s. By taking the first derivative of the defining series of the Hurwitz ζ-function we obtain
The limit as z → 0 of the above quantity is finite for any s ≤ −1 and leads to the expression
which presents a logarithmic divergence for z approaching zero.
Now that we have determined the limit as z → 0 of the various Hurwitz ζ-functions which appear in the results for the effective Lagrangian for scalar and spinor fields, we can proceed with the analysis of the massless case.
A. Scalar Fields
The effective Lagrangian for massless scalar fields in n = 4 has the form (5.20) where, in the limit z → 0, the functions h i are found to be In order to obtain the last equations we have used the results (7.11)-(7.13) and (7.17)- (7.19) . Notice that although the derivatives (7.17)-(7.19) are imaginary quantities, the particular form of the functions h i leads correctly to a result which is real.
For massless spinor fields the effective Lagrangian has the form (6.16). However, in the limit of vanishing mass the functions w i become where we have exploited the results (7.21) and (7.22).
As we can see from this last result the massless limit of the term of zeroth order in curvature w 1 is finite. The terms contributing to the linear part in curvature of the effective Lagrangian clearly contain infrared divergences of the type M −2 and log M 2 . This particular behavior is due to the fact that in n = 4 the function tB coth(tB), which contributes to B spinor 1
, does not provide a cut-off for the integral (4.1) for large t in absence of mass. We would also like to mention, here, that the presence of the infrared divergences depends on the dimensionality of the spacetime. In fact a quick analysis of the integrals leading to the infrared divergent terms shows that for n ≥ 4 the massless limit for the linear part in curvature of the effective Lagrangian for spinor fields is finite.
VIII. CONCLUDING REMARKS
In this paper we have investigated the effective action for complex scalar and spinor fields under the influence of a strong background magnetic field in curved spacetime. We have analyzed, here, an essentially non-perturbative regime in which the covariantly constant background magnetic field is so strong that all its orders have to be taken into account. In order to compute the one-loop effective action for scalar and spinor fields in this setting we have used the method of ζ-function regularization. The spectral ζ-function for the Laplace type operator under investigation has been represented in terms of the heat kernel, for which we have employed a non-perturbative asymptotic expansion recently found in [8] .
Here, we have explicitly found the gravitational corrections, linear in the Riemannian curvature and to all orders in the magnetic field, to the effective Lagrangian for scalar and spinor fields in the physically relevant case of a four dimensional spacetime. To the best of our knowledge, this represents a completely new result which generalizes, to curved manifolds, previous works in Minkowski spacetime. As a particular case, we have analyzed the massless limit of the effective Lagrangian for both scalar and spinor fields.
We have found, in four dimensions, that infrared divergences appear in the massless spinor case which are purely caused by the gravitational field. This effect can be interpreted as follows: The vacuum energy of charged spinors with small mass (or equivalently massive charged spinors for which M 2 ≪ B) dramatically increases due to the presence of the gravitational field. We expect that infrared divergences would manifest themselves also for massless scalar fields at higher orders in the Riemannian curvature.
